We investigate the inversion phenomena between the XXZ anisotropies of the Hamiltonian and the wave function in quantum spin chains. We focus on the S = 1/2 geometrically frustrated 3-leg ladder system with the XXZ interaction anisotropy. By use of the degenerate perturbation theory from the strong rung coupling limit, we have obtained the ground-state phase diagram. In some parameter regions, the Tomonaga-Luttinger spin liquid state is realized in spite of the Ising-like anisotropy, and the Néel state in spite of the XY-like anisotropy.
Introduction
In the ground state problem of the antiferromagnetic quantum spin chains with the XXZ interaction anisotropy ∆ ≡ J z /J ⊥ , the Ising-like anisotropy ∆ > 1 is usually favorable to the Néel state and the XY-like anisotropy ∆ < 1 to the Tomonaga-Luttinger spin liquid (TLL) state. For instance, the ground state of the simple S = 1/2 antiferromagnetic XXZ chain is either of the Néel state or the TLL state according as ∆ > 1 or ∆ ≤ 1. A similar situation is found in the simple S = 1 XXZ chain, although the Haldane phase exists between the Néel phase and the TLL phase. Several years go, we have found the inversion phenomena between the anisotropies of the interaction and the wave function in the S = 1/2 distorted diamond spin chain model [1, 2] and S = 1/2 trimerized spin chain model with the next-nearest-neighbor interactions [3] . Namely, in some parameter regions, the TLL state is realized for the Ising-like anisotropy case and the Néel state for the XY-like anisotropy case. These inversion phenomena are considered to be attributed to the interplay among the geometrical frustration, the trimer nature and the XXZ anisotropy of the Hamiltonian. In case of strong geometrical frustrations, the S = 1/2 spin system tends to fall into the dimer state to avoid the energy loss coming from competing interactions [4] . But the formation of singlet pairs is incompatible with the trimer nature of the Hamiltonian. Thus, for instance, in the XY-like anisotropy case, the spins turn to the z-direction to avoid the energy loss, because interactions along the zdirection is weaker than those in the xy-direction. Similarly, we can explain the existence of the TLL state for the Ising-like anisotropy case.
If this physical consideration hits the point, the inversion phenomena will be observed in many quantum S = 1/2 spin chain models having the geometrical frustration, the trimer nature and the XXZ anisotropy. From this point of view, we discuss the S = 1/2 geometrically frustrated 3-leg ladder with the XXZ anisotropy.
Ground-State Phase Diagram of the S = 1/2 Geometrically Frustrated 3-Leg Ladder
The S = 1/2 geometrically frustrated 3-leg ladder with the XXZ anisotropy is expressed by
where
Here S µ j,i (µ = x, y, z) represents the µ-component of the S = 1/2 spin operator at the j-th site of the ith chain, ∆ the XXZ anisotropy parameter. All the coupling constants, J 1 , J r and J d , are supposed to be positive (antiferromagnetic). The present model is sketched in Fig.2 . Hereafter we restrict ourselves to the J r ≫ J 1 , J d case for simplicity, because the inversion phenomena were so far observed in the strong trimer nature cases. Let us discuss the ground state of our model by use of the degenerate perturbation theory. First we consider the 3-spin problem of S j,1 , S j,2 and S j,3 , wich can be easily solved. The ground states of the j-th 3-spin cluster are
where | ↑↑↓ means | ↑ j,1 ↑ j,2 ↓ j,3 for instance, and
Typeical values of A and a are as follows: A = 2, a = √ 2 for ∆ = 0, A = √ 6, a = 2 for ∆ = 1, and (6) where
When ∆ = 1, we see J ⊥ eff = J z eff = J 1 − (8/9)J d . Then the ground state of H eff is either the ferromagnetic state or the TLL state depending on whether J d > (9/8)J 1 or J d < (9/8)J 1 . The ferromagnetic state of the T-system corresponds to the ferrimagnetic state of the S-system, because all the 3-spin clusters are in the same state, | ⇑ or | ⇓ . This ferrimagnetic state has the magnetization of M s /3, where M s is the saturation magnetization. For the general case (∆ 1), the ground states of H eff are known from J ⊥ eff and J
The phase diagrams for three cases, ∆ = 1, 0.5 and 2.5, near the truncation pointJ 1 =J d = 0 are shown in Fig. 3 , whereJ 1 
The remarkable nature of the ∆ = 0.5 case (center panel of Fig. 3 ) is the existence of the Néel region, although the interaction anisotropy is XY-like. Similarly, the TLL state is realized even for the ∆ > 1 case (right panel of Fig. 3 ) in spite of the Ising-like anisotropy. These are the inversion phases.
We have also performed the numerical diagonalization by use of the Lanczös method and analyzed the numerical data by the level spectroscopy method [4] [5] [6] . For instance, when ∆ = 0.5 (center panel case of Fig.3) , from the numerical data, the boundary lines between the TLL and Néel phase areJ d ≃0. 
The shaded areas are the inversion regions.
Discussoin and Concluding Remarks
We have shown that there exist inversion regions in the S = 1/2 geometrically frustrated 3-leg ladder with the XXZ interaction anisotropy by use of the degenerate perturbation theory, as expected from the physical consideration described in §1. We have also checked our analytical conclusion by numerical methods. The key to the inversion phenomena is the form of J ⊥ eff and J The contents of this paper strongly suggest that the inversion phenomena are popular to the = 1/2 XXZ chain and ladder models with the geometrical frustration and the trimer nature.
